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Abstract. We formulate a criterion for the existence, uniqueness of an invariant measure 
for a Markov process taking values in a Polish phase space. In addition, the weak* 
ergodicity, that is, the weak convergence of the crgodic averages of the laws of the process 
starting with any initial distribution, is established. The principal assumptions are the 
lower bound of the ergodic averages of the transition probability function and the e- 
propcrty of the semigroup. The general result is applied to solutions of some stochastic 
evolution equations in Hilbert spaces. As an example we consider an evolution equation 
whose solution describes the Lagrangian observations of the velocity field in the passive 
tracer model. The weak* mean ergodicity of the respective invariant measure is used to 
derive the law of large numbers for the trajectory of a tracer. 



1. Introduction 

The lower bound technique is a quite useful tool in the ergodic theory of Markov pro- 
cesses. It has been used by Doeblin, see [5], to show mixing of a Markov chain whose 
transition probabilities possess a uniform lower bound. A somewhat different approach, 
relying on the analysis of the operator dual to the transition probability, has been applied 
by A. Lasota and J. Yorke, see e.g. [18]. For example in [20] they show that the exis- 
tence of a lower bound for the iterates of the Frobenius-Perron operator, that corresponds 
to a piecewise monotonic transformation of the unit interval, implies the existence of a 
stationary distribution for the deterministic Markov chain describing the iterates of the 
transformation. In fact, the invariant measure is then unique, in the class of measures 
that are absolutely continuous with respect to one dimensional Lebesgue measure, and 
statistically stable, i.e. the law of the chain, starting with any initial distribution that 
is absolutely continuous, converges to the invariant measure in the total variation metric. 
This technique has been extended to more general Markov chains, including those corre- 
sponding to iterated function systems, see e.g. [21]. However, most of the existing results 
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are formulated for Markov chains taking values in some finite dimensional spaces, see e.g. 
[22] for a review of the topic. 

Generally speaking, the lower bound technique, we have in mind, consists in deriving 
ergodic properties of the Markov process from the fact that there exists a "small" set in 
the state space, e.g. it could be compact, such that the time averages of the mass of the 
process are concentrated over that set for all sufficiently large times. If this set is compact, 
one can conclude the existence of an invariant probability measure with not much difficulty. 

The question of extending the lower bound technique to Markov processes taking values 
in Polish spaces that are not locally compact is quite a delicate matter. This situation 
typically occurs for processes that are solutions of stochastic partial differential equations. 
The value of the process is then usually an element of an infinite dimensional Hilbert, or 
Banach space. We stress here that for proving the existence of a stationary measure it is 
not enough then to ensure only the lower bound on the transition probability over some 
"thin" set. One can show, see the counterexample provided in [28], that even if the mass 
of the process contained in any neighborhood of a given point is separated from zero for all 
times, an invariant measure may fail to exist. In fact some general results concerning the 
existence of an invariant measure and its statistical stability for a discrete time Markov 
chain have been formulated in [28], see Theorems 3.1-3.3. 

In the present paper we are concerned with the question of finding a criterion on the 
existence of a unique invariant, ergodic probability measure for a continuous time. Feller, 
Markov process {Z[t))t>o taking values in a Polish space X, see Theorems [T] and [2] below. 
Suppose that (Pf)i>o is its transition probability semigroup. In our first result, see Theo- 
rem [H we show that there exists a unique, invariant probability measure for the process, 
provided that for any Lipschitz, bounded function ip the family of functions {Ptip)t>o is 
uniformly continuous at any point of X (we call this the e-property of the semigroup) and 
there exists z & X such that for any 5 > 



Here B{z, 5) denotes the ball in X centered at z with radius 5. Observe that, in contrast 
to the Doeblin condition, we do not require that the lower bound in (11. ip is uniform in the 
state variable x. If some conditions on uniformity over bounded sets are added, see (12. 8 p 
and (12.91) below, one can also conclude the stability of the ergodic averages corresponding 
to {Z{t))t>Oi see Theorem [2l We call it, after [32], the weak* mean ergodicity. 

This general result is applied to solutions of stochastic evolution equations in Hilbert 
spaces. We show in Theorem |3] the uniqueness and ergodicity of an invariant measure, pro- 
vided that the transition semigroup has the e-property, the (deterministic) semi-dynamical 
system, corresponding to the equation without the noise, has an attractor, which admits 
a unique invariant measure. This is a natural generalization of the results known for the 
so-called dissipative systems see e.g. [1]. 

A different approach to prove the uniqueness of an invariant measure for a stochastic 
evolution equation is based on the strong Feller property of the transition semigroup (see [1] , 
|24] . [7], and [12]) or in a more refined version on the asymptotic strong Feller property (see 
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[T3] ) . In our Theorem [3] we do not require neither of these properties of the corresponding 
semigroup. Roughly speaking we assume: 1) the existence of a global compact attractor 
for the system without the noise (hypothesis (i)), 2) the existence of a Lyapunov function 
(hypothesis (ii)), 3) some form of stochastic stability of the system after the noise is added 
(hypothesis (iii)) and finally 4) the e-property, see Section [2l This allows us to show lower 
bounds for the transition probabilities and then use Theorems [1] and [2l 

As an application of Theorem [3] we consider in Sections [5] - [6] the Lagrangian observation 
process corresponding to the passive tracer model x(t) = V{t,x{t)), where V{t,x) is a 
time-space stationary random, Gaussian and Markovian velocity field. One can show that 
when the field is sufficiently regular, see fl2.16p . the process Z(t) := V(t,x(t) + ■) is a 
solution of a certain evolution equation in a Hilbert space, see ( 15. 6 p below. With the help 
of the technique developed by Hairer and Mattingly [13] (see also [B] and [T7j) we verify 
the assumptions of Theorem [31 when V{t, x) is periodic in the x variable and satisfies a 
mixing hypothesis in the temporal variable, see (12.171) . The latter refiects physically quite 
a natural assumption that the mixing time for the velocity field gets shorter on smaller 
spatial scales. As a consequence of the statistical stability property of the ergodic invariant 
measure for the Lagrangian velocity {Z{t))t>o we obtain the weak law of large numbers for 
the passive tracer model in a compressible environment, see Theorem |H It generalizes the 
corresponding result that holds in the incompressible case, which can be easily concluded 
due to the fact that the invariant measure is known explicitly in that situation, see |27j . 

2. Main results 

Let {X, p) be a Polish metric space. Let B{X) be the space of all Borel subsets of X and 
let Bh{X) (resp. Ch{X)) be the Banach space of all bounded, measurable (resp. continuous) 
functions on X equipped with the supremum norm || ■ ||oo- We denote by Lip^ {X) the space 
of all bounded Lipschitz continuous functions on X. Denote by 

r. \f{x)-f{y)\ 

Lip (/) := sup ^ 

the smallest Lipschitz constant of /. 

Let {Pt)t>o be the transition semigroup of a Markov family Z = {{Z^{t))t>o, x & X) 
taking values in X. Throughout this paper we shall assume that the semigroup {Pt)t>o 
is Feller, i.e. Pt{Cb{X)) C Cb{X). We shall also assume that the Markov family is 
stochastically continuous, which implies that: lim4^o+ Pt'^i^) = ip{x) for all x & X and 
^ e ChiX). 

Definition 2.1. We say that a transition semigroup {Pt)t>o has the e-property if the family 
of functions {Ptip)t>o is equicontinuous at every point x of X for any bounded and Lipschitz 
continuous function ip, i.e. 

e Upf^iX), X e X, £ > 035 > OWz e B{x,S), t>0: \Pttpix) - Pt^{z)\ < e. 

The corresponding {Z^{t))t>o shall be called an e-process. 
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The notion of an e-process is an extension to a continuous time of the notion of an 
e-chain that has been introduced in Section 6.4 of [22] • 

Given a S e B{X) we denote by A4i{B) the space of all probability Borel measures 
on B. For brevity we write A4i instead of A4i{X). Let {P^)t>o be the dual semigroup 
defined on Mi by the formula P^fi{B) := /^P^lsd/x for B G B{X). Recall that /i* G Mi 
is invariant for the semigroup {Pt)t>o (or the Markov family Z) if = /i* for all t > 0. 

For a given T > and /i G A^i define Q^fi := T"^ P*^ds. We write Q'^{x, ■) in the 
particular case when fi = Sx- Let 

(2.1) T := |x G A": the family of measures (Q"^(x))^^g is tight | . 

Denote by B{z, 6) the ball in X with center at z and radius 6 and by w-lim the limit in 
the sense of weak convergence of measures. The proof of the following result is given in 
Section 13. 2[ 

Theorem 1. Assume that {Pt)t>o has the e-property and that there exists z & X such that 
for every 6 > and x & X , 



Then the semigroup admits a unique invariant, probability measure /i*. Moreover 



for any v & Mi that is supported in T . 

Remark 1. We remark here that the set T may not be the entire space X . This issue 
is investigated more closely in [30]. Among others it is shown there that if the semigroup 
{Pt)t>G satisfies the assumptions of Theorem [H then the set T is closed. Below we present 
an elementary example of a semigroup satisfying the assumptions of the above theorem, 
for which T ^ X. Let A" = (-cx), -1] U [1, +oo), T{x) := -{x + l)/2 - 1 for x G A' and 
let P : A" X B{X) [0, 1] be the transition function defined by the formula: 



(2.2) 



liminfg^(x,P(z,5)) > 0. 



(2.3) 



w-lim Q u = 

TToo 




l/x^))6^x{-) + exp{-l/x^)6x+i{-), for x > 1, 



for X < — 1. 



Define the Markov operator P 



Bb{X) Bf,{X) corresponding to P(-, ■), i.e. 





Finally, let (Pt)f>o be the semigroup given by the formula: 



(2.4) 




for t > 0. 



n=0 



It is obvious that the semigroup is Feller. 
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We check that {Pt)t>o satisfies the assumptions of Theorem [T] and that T = (—00, —1]. 
Let z := —1. Since for every x ^ X and 5 > 

hminfP;5^(5(z,5)) > 1 -exp(-l/x^), 

t— >+oo 

condition ( 12. 2p is satisfied. 

To prove that it has the e-property it is enough to show that for any / G Lipi,{X) 

(2.5) hmsup|P"/(x) -P"/(Z/)I = 0, \/xeX. 

n>l 

If X < — 1, then condition (12.51) obviously holds. Therefore we may assume that x > 1. 
Observe that 

n-l 

Py{^) = Yl fXT'^-'^'i-x - k))Gk{x) + H^ix)f{x + n), n>l 

fc=0 

where Hn{x) := nj'=o ^^P(~(^ + j)~^) and Gk{x) := [1 — exp(— (x + k)~'^)]Hk{x) . Here 
we interpret 117=0 equal to 1. After straightforward calculations, we obtain that for 
1 < X < y. 

iP'v(^)-p"/(2/)i<Lip(/)(2/-x) + ii/iu(2 r\Gmd^+ /V;(oide 

Condition (12. 5p follows from the fact that Ylk=o I^UOI ^^'^ -^n(0 are uniformly convergent 
on [1, +00). 

Finally, it can be seen from (12.41) that for any P > and x > 1 we have 

liminf P;4(P^(0,P)) > lim if„(x) > 0, 

>+oo n— >+oo 

which proves that x ^ T. 

Following [32], see p. 95, we introduce the concept of weak* mean ergodicity. 

Definition 2.2. A semigroup {Pt)t>o is called weak* mean ergodic, if there exists a measure 
/i* G TVIi such that 

(2.6) w-limg^z/ = /i„ Vz/gA^i. 

Ttoo 

Remark 2. In some important cases it is easy to show that T = X . For example if Z is 
given by a stochastic evolution equation in a Hilbert space X then it is enough to show 
that there is a compactly embedded space V ^ X such that 

VxgA'3To>0, supE$(||Z^X^)llv) < 00 

t>To 

for any locally bounded, measurable function $ : [0, +00) — > [0, +00) that satisfies 
lim/j^+oo ^{R) = +00. Clearly, ii T = X , then the assumptions of Theorem [1] guarantee 
the weak* mean ergodicity. In Theorem [2] below the weak* mean ergodicity is deduced 
from a version of (12. 2p that holds uniformly on bounded sets. 
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Remark 3. Of course, (12.61) implies uniqueness of invariant measure for {Pt)t>o- Moreover, 
for any stochastically continuous Feller semigroup {Pt)t>o its weak* mean ergodicity implies 
also ergodicity of /x*, i.e. that any Borel set B, which satisfies Ptls = 1b, /x^-a.s. for all 
t > has to be /i^,-trivial. This can be seen e.g. from part iv) of Theorem 3.2.4 of [1]. 

Remark 4. Note that condition (12.61) is equivalent with every point of X being generic in 
the sense of [10], i.e. 



(2.7) w-lim Q^ix, ■) = /i„ Vx G X. 

TToo 

Indeed, (12. 6p obviously implies (12.71) . since it suffices to take u = Sx, x E X. Conversely, 
assuming (12.71) we can write for any z/ G TMi and ip G Cb{X), 

lim / ip(x)QTi^(dx) = lim — Psip(x)ds uidx) / ip(x)fiJdx) 

and (12.61) follows. 

The proof of the following result is given in Section 13. 3[ 

Theorem 2. Let {Pt)t>o satisfy the assumptions of TheoremUl Assume also that there 
exists 2 G X such that for every bounded set A and 6 > we have 

(2.8) inf lim infQ^(x, 5(^,5)) > 0. 

Suppose furthermore that for every e > and x E X there exists a bounded Borel set 
D d X such that 

(2.9) liminfQ^(x,D) > 1 -5. 

T^+oo 

Then: besides the existence of a unique invariant measure fi^, for {Pt)t>o, the following are 
true: 

1) the semigroup {Pt)t>o is weak * mean ergodic, 

2) for any ip G Lip^(A') and fi G Aii the weak law of large numbers holds 

(2.10) F^-\im^ [ i,{Z{t))dt= [ ijdfi,. 

T^+oo Jo JX 

Here {Z(t))t>o is the Markov process that corresponds to the given semigroup, whose ini- 
tial distribution is /i and whose path measure is P^. The convergence takes place in 
probability. 

Using Theorems [1] and [2] we establish the weak* mean ergodicity for the family defined 
by the stochastic evolution equation 

(2.11) dZ{t) = {AZ{t) + F{Z{t))) dt + RdW{t). 

Here we assume that A" is a real separable Hilbert space, A is the generator of a Co- 
semigroup S = {S(t)) acting on A", F is a mapping (not necessarily continuous) from 
D{F) C X to X, R is a bounded linear operator from another Hilbert space Ti to X, 
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and W = {W{t))t>Q is a cylindrical Wiener process on Ti. defined over a certain filtered 
probability space {0,,J^, (jFt)t>o,P). 

Let Zq be an jFo-measurable random variable. By a solution of (12.111) starting from Zq 
we mean a solution to the stochastic integral equation (the so called mild solution) 

Z{t) = S{t)Zo+ [ S{t- s)F{Z{s))ds+ [ S{t- s)RdW{s), t > 0, 
Jo Jo 

see e.g. [3], where the stochastic integral appearing on the right hand side is understood 
in the sense of Ito. We suppose that for every x G A" there is a unique mild solution 
Z^ = {Zf)t>Q of (12. lip starting from x, and that (12. lip defines in that way a Markov 
family. We assume that for any x G A", the process Z^ is stochastically continuous. 

The corresponding transition semigroup is given by Ptip{x) = E,tlj{Z^{t)), ip G Bh{X), 
and we assume that it is Feller. 

Definition 2.3. X ^ [0, +oo) is called a Lyapunov function, if it is measurable, 
bounded on bounded sets and lim||a;||^|oo $(x) = oo. 

We shall assume that the deterministic equation 

(2.12) ^ = AY{t) + F{Y{t)), Y{0) = x 

defines a continuous semi-dynamical system {Y^, x G A") , i.e. for each x ^ X there exists 
a unique continuous solution to (I2.12p that we denote by Y^ = {Y^{t))t>o and for a given 
t the mapping x t-^ Y^{t) is measurable. Furthermore, we have y^''*^*)(s) = Y^{t + s) for 
all t,s > and x E X. 

Definition 2.4. A set K, d X is called a global attractor for the semi- dynamical system 

1) it is invariant under the semi- dynamical system, i.e. Y^{t) G /C for any x G /C 
and t > 0. 

2) for any e,R > there exists T such that Y^{t) G /C + eB{0, 1) for t > T and 
\\x\\x < R- 

Definition 2.5. The family [Z^, x E X) is stochastically stable if 

(2.13) Ve, i?, t>0: inf P (||Z^(t) - F^(t)|U < e) > 0. 

x€B{0,R) 

In Section H] we derive from Theorems [1] and [2] the following result concerning ergodicity 
of Z. 

Theorem 3. Assume that: 

(i) the semi- dynamical system {Y^, x E X) defined by (I2.12p has a compact, global 
attractor /C. 

(ii) the process {Z^{t))t>o admits a Lyapunov function $, i.e. 

yxeX: supE$(Z^'(^)) < 
t>o 
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(iii) the family {Z^,x G X) is stochastically stable and 



(2.14) 



x£lCt>0 

where r*(x) = supp P^6x, 
(iv) its transition semigroup has the e-property. 

Then, {Z^, x G A") has a unique invariant measure fi^, and is weak * mean ergodic. More- 
over for any bounded, Lipschitz observable ip the weak law of large numbers holds 



Remark 5. Observe that condition (12.141) in Theorem [3] is trivially satisfied if is a 
singleton. Also, this condition is also satisfied if the semi-dynamical system, obtained 
after removing the noise, admits a global attractor that is contained in the support of the 
transition probability function of the solutions of (12. lip corresponding to the starting point 
at the attractor (this situation occurs e.g. if the noise is non-degenerate). 

Another situation when (12.141) can be guaranteed occurs if we assume (I2.13P and unique- 
ness of invariant probability measures for {Y^, x G A"). From stochastic stability condition 
(I2.13P it is clear that then the support of such a measure is contained in any [J^^QTt{x) 
for X G /C. We do not know however whether there exists an example of a semi-dynamical 
system corresponding to (12.121) with a non single point attractor and such that it admits 
a unique invariant measure. 

Remark 6. The e-property used in Theorem [3] can be understood as an intermediary 
between the strong dissipativity property of [1] and asymptotic strong Feller (see [TB]). 
A trivial example of a transition probability semigroup that is neither dissipative (in the 
sense of [1]) nor is asymptotic strong Feller but satisfies the e-property is furnished by the 
one dimensional dynamical system on M given by x = — x^. For more examples of Markov 
processes that have the e-property but are neither dissipative nor have the asymptotic 
strong Feller property see [T9] . 

Our last result follows from an application of the above theorem and concerns the weak 
law of large numbers for the passive tracer in a compressible random fiow. The trajectory 
of a particle is described then by the solution of an ordinary differential equation 



where V{t,^), {t, ^) G M'^"'"^, is a d-dimensional random vector field. This is a simple model, 
used in statistical hydrodynamics, that describes transport of matter in a turbulent fiow. 
We assume that V{t, ^) is a mean zero, stationary, spatially periodic, Gaussian and Markov 
in time random field. Its covariance matrix 





dx(t) 
dt 



V{t,^{t)), x(0) =xo. 
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is given by its Fourier coefficients: 

R,,{h, k) := / e-'^^Ri,{h, = e-^(^)l'^l£,.,(fc), ^, j = 1, . . . , rf, e Z'^. 

Here T'^ := [0,271)*^, the energy spectrum £ := [£i,j\ maps Z"^ into the space 5'+((i) of all 
non-negative definite Hermitian matrices, and the mixing rates 7: Z"^ — > (0, -|-cxd). Denote 
by Tr A the trace of a given d x d matrix A and by P— lim the limit in probability. In 
Section El we show the following result. 

Theorem 4. Assume that: 

(2.16) 3m > rf/2 + 1 3a G (0,1): |||^|||2 := ^ 7"(A;)|A;|2(™+i)Tr ^(fc) < 00, 



(2.17) / supe-^(^)*|fc|dt < 00. 

Jo k&d 

Then, there exists a constant vector f * such that 

, x(t) 
P— lim = v-t . 

ttoo t 

Remark 7. We will show that v^, = E^^\^(0,0), where the expectation E^^ is calculated 
with respect to the path measure that corresponds to the Markov process starting with 
the initial distribution yU,*, which is invariant under Lagrangian observations of the velocity 
field, i.e. the vector field valued process V(t,yi(t) + ■), t > 0. In the physics literature 
is referred to as the Stokes drift. Since V is spatially stationary, the Stokes drift does not 
depend on the initial value xq. 

Remark 8. Note that condition (12.171) holds if 

3e,Ko > OVA; G Z^: 7(A;) > i^'ol^r^'- 
Indeed, it is clear that under this assumption 

sup e"^*^'')*|A;|dt < 00. 



00 



On the other hand for t G (0, 1] we obtain 

C 



sup e-^^'^)*!^;! < sup exp {-Ko\k\^+H + log < - 



for some constant C > 0. This, of course implies (12.171) . 
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3. Proofs of Theorems [U and [2] 

3.1. Some auxiliary results. For the proof of the following lemma the reader is referred 
to [IS], see the argument given on pp. 517-518. 



Lemma 1. Suppose that (z/„) G Aii is not tight. Then, there exist an e > 0, a sequence 
of compact sets {Ki), and an increasing sequence of positive integers (ui) satisfying 

(3.1) iynXKr)>£, V^, 

and 

(3.2) min{p(x, y): x e Ki,y e Kj} > e, ^i^j- 

Recall that T is defined by fl21|) . 

Proposition 1. Suppose that {Pt)t>o has the e-property and admits an invariant probability 
measure /i*. Then, supp /i* C T. 

Proof. Let fi^, be an invariant measure in question. Assume, contrary to our claim, that 
((5"^(x))^^P is not tight for some x G supp/i*. Then, according to Lemma [T], there exist a 
strictly increasing sequence of positive numbers Tj | cxd, a positive number e and a sequence 
of compact sets (Ki) such that 

(3.3) Q'^^{x,Ki)>e, Vz, 
and 

(3.4) min{p(a;, y): x E R^, y E Kj} > e, \fi^ j. 

We will derive the assertion from the claim that there exist sequences (/„) C Lip^(A:'), 
(z/„) C ^Al and an increasing sequence of integers {nin) such that supp z/„ C B{x, l/n) for 
any n, and 

(3.5) 1k^^ <fn< and Lip (/„) < 4/e, Vn. 



"In 



Here := {x E X : dist (x, A) < e}, £ > denotes the e-neighborhood oi A E X . 
Moreover, 

(3.6) P:vA[]K^A<e/A, Vt > 0, 

\i=n / 

and 

(3.7) \Ptfn{x) - Ptfn{y)\ < e/4, Vt > 0,Vy E suppz/„, 

/i := and /„ := ^2^=1 fi^ n > 2. Admitting for a moment the above claim we show how 
to finish the proof of the proposition. Observe first that fl3.4p and condition fl3.5p together 
imply that the series / := Yli^i fi uniformly convergent and ||/||oo = 1- Note also that 
for X, y such that p(x, y) < e/8 we have fi{x) ^ 0, or fi{y) ^ for at most one i. Therefore 
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for such points — f{y)\ < I6e ^p{x,y). This, in particular imphes that / e Lip(A:'). 
From dSSD and i^-^Jil it folfows that 



Q''--{x,dy)f{y)- / g''""i/„(dy)/(?/) > g''""(x,i^„„; 

X J X 

(3.8) 

Q'^""'{x,dy)fn{y) - I n^'^^u (A,,\f (,,\ - n^^^u \ \ 



X 



^ Q^-" vn{dy)]n{y) - Q^-" ( Q iT^/^ 



By virtue of (13. 3p the first term on the right hand side of (13. 8p is greater than, or equal to 
e. Combining the second and the third terms we obtain that their absolute value equals 



Trrin Jo J X 



\P'Ux)-P'Uy)\vrldy)ds 



E3 e 
< -. 

- 4 



The fourth term is less than, or equal to e/4 by virtue of (13. 6p . Summarizing we have 
shown that 

/ Q^"^-{x,dy)f{y)- / g^"-z/„,(dy)/(y) 
Jx J X 



ds I [P'f{x)-P'f{y)]v^{dy)> 
Jx 



e 



J-mn Jo Jx ^ 

for every positive integer n. Hence, there must be a sequence (t„, ?/„) such that t„ G [0, Tm^], 
yn e suppz/„ C B{x,l/n) for which Pt„f{x) - Pt„f{yn) > n > 1. This clearly 
contradicts equicontinuity of {Ptf)t>o at x. 

Proof of the claim. We conduct it by induction on n. Let n = 1. Since x G supp /i*, we 
have fi^:{B[x, 6)) > for all 5 > 0. Define the probabiliy measure ui by the formula 

MB) = f^.{B\B{x, 1)) := ^^*(B n Bix l) ^ ^ ^ ^ 

IJi^[B[x, 1) 

Since vi < fi^^{B{x,l))fi^:, from the fact that /i* is invariant, it follows that the family 
(Pj*z/i)t>o is tight. Thus, there exists a compact set K such that 

(3.9) P;z/i(A'") < e/4, Vt > 0. 

Note however that K fl K^'^ ^ % only for finitely many z-s. Otherwise, in light of (13.41) . 
one could construct in K an infinite set of points separated from each other at distance at 
least e/2, which contradicts its compactness. As a result, there exists an integer mi such 
that 



P>i Q Kf] <5/4, Vt>0. 



\i—m\ 



Let /i be an arbitrary Lipschitz function satisfying < /i < l^^-e/* and Lip (/i) < 4/e. 

Assume now that for a given n > 1 we have already constructed /i, . . . , /„, i^i, . . . , z/„, 
mi, . . . ,m„ satisfying (13. 5p - (13. 70 . Since {Ptfn+i)t>o is equicontinuous we can choose 6 < 
l/{n + 1) such that |P(/„+i(x) — Ptfn+i{y)\ < s/^ for alH > and y G B{x,5). Suppose 
furthermore that Un+i := /i*(-|P(x, (5)). Since the measure is supported in P(x, 5) condition 
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(13. 7p holds for fn+i- Tightness of (-Pj*Wn+i)i>o can be argued in the same way as in case 
n = 1. In consequence, one can find rrin+i > rrin such that 



U . 



e/4 



<e/A, 



Vt > 0. 



i=m„+i 



Finally, we let fn+i be an arbitrary continuous function satisfying (13.51) . □ 



For given an integer k > 1 and times ti, . . . ,tk > and a measure /i G A^i we let 
Q*k,-M^ := Q** . . .Q^^fi. The following simple lemma will be useful for us in the sequel. 
In what follows || ■ \\tv denotes the total variation norm. 



Lemma 2. For all k > 1 and ti, . . . ,tk > 0, 
(3.10) 



limsup sup WQ'^''^'"'"'^'^ fi — Q'^ ^\ 



TV 



0. 



Proof. To simplify the notation we assume that k = 1. The general case can be argued by 
the induction on the length of the sequence ti, . . . ,tk and is left to a reader. For any T > 
we have 

g^'*V - Q^/i = (Tti)-^ [' dr I P:+rf^ds - [ P;/ids 

Jo Uo Jo 



dr / (P,V/i-P;/i)ds. 
Jo Jo 

The total variation norm of Q^'^'^fi — Q^fi can be estimated therefore by ti/T and (I3.10p 
follows. □ 

3.2. Proof of Theorem [1], The existence of an invariant measure follows from Theorem 
3.1 of [19]. We will show that for arbitrary xi,X2 G T and ip e Lip^ (X), 



(3.11) 



lim 

TToo 



^l^{y)Q''{x^,dy)- / ^(y)g^(x2, dy) 



X 



X 



0. 



From this we can easily conclude (12. 3p using e.g. Example 22, p. 74 of [26]. Indeed, for 
any v as in the statement of the theorem 

J X 



X 



I I v{dx)ii^{dx') 
Jx Jx 



X 



,lj{y)Q'{x,dy)- / ^{y)Q'{x\dy) 



X 



and (12. 3p follows directly from (13. lip and Proposition [TJ The rest of the argument shall 
be devoted to the proof of (13. lip . 

Fix a sequence {rjn) of positive numbers monotonically decreasing to 0. Fix also arbitrary 
£ > 0, G Lip^ (A"), xi,X2 G T. For these parameters we define A C M in the following 
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way: a G A if and only if a > and there exist a positive integer N, a sequence of times 
(Tq „) and sequences of measures (/iai); i^ai) ^ -^i' ^ = 1; 2, such that for n > N, 



(3.12) 



Ta n ^ ^1 



(3.13) 



\\Q^-'"{x,)-IJ,li\\TV <Vv 



(3.14) 

and 



for z = 1,2 



(3.15) 



hm sup 

TToo 



V;(x)g^<i(dx) - / ^(x)Q'^'<2(dx 



A" 



< e. 



Our main tool is contained in the following lemma. 

Lemma 3. For given e > 0, (//„)? Xi,X2 G T anc? G Lipf, (A") i/ie set A 7^ 0. Moreover, 
we have sup A = 1 . 



Taking this lemma for granted we show how to finish the proof of f l3.1ip . To that purpose 
let us choose an arbitrary e > 0. There exists then a > 1 — e that belongs to A. Thanks 
to fl3.13p we can replace Q'^{xi, ■) appearing in (13. lip by fi]^^ and the error made that way 
can be estimated for T > T„ „ as follows 



(3.16) 



tljiy)Q'{x^,dy)- / tljiy)Q'{x2,dy) 

X J X 

2 



i=l 



X 



i){y)Q\x,,dy)- / ^{y)Q'^'-'-{xi,dy) 



X 



^(i/)QV" - / i^{y)Q' ^CA^y) 



X 



X 



i=l 



ij{y)Q^^^--{x,Ay)- I i^{y)(^''^^lMy) 



X 



X 



< 



i=l 



X 



ij{y)Q'' {x,,dy)- I ^(2/)Q^'^-"(x,,,dy) 



X 



ij{y)Q' f,l,{dy) - / ij{y)Q' f,l,{dy) 
X Jx 
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To deal with the second term on the utmost right hand side of (13.161) we use condition 
fl3.14p . We can replace then /iJJ^ by u^i obtain 



(3.17) 



ll3llt 

< a 



X 



X 



X 



E 

i=l 



< 



X 



■)T,,n 



X 



2e 



In the last inequality we have used the fact that 1 — a < e. Summarizing, from Lemma [2], 
(EUD, fIXTTD and fIXTBD we obtain that 



lim sup 

TToo 



i,{y)Q^{x^,dy)- / i,{y)Q^{x2Ay) 



X 



X 



<2Vn 



2d 



e. 



Since e > and n are arbitrarily chosen we conclude that (13.111) follows. 

Proof of Lemma [31 First we show that A 7^ 0. Let z E X he such that for every 6 > 
and X E X condition (12. 2p is satisfied. Equi continuity of {Pt'ip)t>o a.t z E X imphes the 
existence of cr > such that 

(3.18) \Ptip{z) - PMy)\ < e/2 for y e B{z,a) and t > 0. 
By dO]) there exist /? > and Tq > such that 

(3.19) Q^{xi,B{z,a))> (3 VT>To, ^ = 1,2. 

Set a := p and T„,„ = n + Tq for n G N, /i^^, := g^--"(xi) and i^S^,(-) := /i^_,(-|5(z, a)) 
for z = 1,2 and n > 1. Note that yU^ j(i?(z, a)) > 0, thanks to (13.191) . The measures 
i = 1,2 are supported in B{z, a) therefore for all t > 0, 



^(x)p;<i(dx) - 

Ptij{x)u:Ad< 



X 



i;{x)P:u2^,idx 
Pt^{x)u2Mx 



X 



X 



< 



[PMx)-PMz)]u2Mx) 



X 



[Ptij{x)-Pt^{z)]u2Jdx) 



X 



and hence (13.151) follows. Conditions (I3.1ip - (l3.14p are also evidently satisfied. Thus A ^ 0. 

Next we show that sup A = 1. Suppose, contrary to our claim, that ao := sup A < 1. 
Thanks to the previous step we have ao > 0. Let (a„) C A be such that lim„^oo«n = «o- 



Set Tr, 



for n > 1 and i = 1,2. From conditions 



(I3.13p . (I3.14P and the fact that the family {Q (xi)) is tight for i = 1,2, it follows that the 
sequences {fin,i), {^n,i)', ^ = 1,2, are also tight. Indeed, (13.130 clearly implies tightness of 
{fin,i), i = 1,2. In consequence, for any g > there exists a compact set C A" such that 
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f^n,i{'^ \ K) < g for all n > 1, z = 1, 2. Condition (13.141) in turn implies that for sufficiently 
large n we have 

and tightness of {i^n,i), = 1,2, follows. Therefore, without loss of generahty, we may 
assume that the sequences {fin,i), {^n,i)', ^ = 1,2, are weakly convergent. The sequences 

(3.20) fin,i := /in,i - an^n,i, n>l, 

are therefore also weakly convergent for i = 1,2. Assumption that ao < 1 implies that the 
respective limits are non-zero measures. We denote them by fli, i = 1,2, correspondingly. 
Let Hi e supp Jii, i = 1,2. Analogously as in the previous step, we may pick a > such 
that fl3.18p is satisfied. By (12.21) we choose T > and 7 > for which 

(3.21) Q^{yi,B{z,a/2))>^ for z = 1,2. 
Since the semigroup {Pt)t>o is Feller we may find r > such that 

(3.22) Q'^{y,B{z,a))>^/2 for y G 5(y,, r) and z = 1, 2. 

Indeed, it suffices to choose G Lip^ {X) such that 1^(2,0-/2) < < 1b(2,o-)- From (13.211) we 
have J^(j){x)Q'^{yi,dx) > 7. Feller property implies that there exists r > such that for 
y G B{yi,r) and i = 1, 2 we have 



Q^{y,B{z,a))> [ <P{x)Q^{y,dx) > ^. 



Set So = min{/ii(B(yi, r)), yU2(-B(2/25 '"))} > 0. Using part (iv) of Theorem 2.1 p. 16 of [2] 
we may find > 1 such that 

(3.23) fin,i{B{yi,r)) > — and a„ + Sq- > ao 

for n > N. We prove that := ao + S07/8 also belongs to A, which obviously leads 
to a contradiction with the hypothesis that ao = sup A. We construct sequences (Ta'^ n), 
i^^a'g i) i^a'g J' = 1> 2 that satisfy conditions (I3.12p - p.l5p with a replaced by a'o- Let 
An(') '■— P'n,i{-\B{yi,r)), i = 1,2, be the measure fin,i conditioned on the respective balls 
B{yi,r), 2 = 1,2, i.e. if Jin,i{B{yur)) ^ we let 

JinA- n B{yi,r)) 



(3.24) 



Hn,i{B{yi,r)) 



while if Hn,i{B{yur)) = we just let /i^(-) := 5y^. Let also /i^(-) := {Q'^ ^in,i){-\B{z,a)). 
From the above definition it follows that 

(3.25) Q'^^^n,^ > ^-^K + anQ'^^n^i 

ioT n > N and i = 1,2. Indeed, note that from (I3.23P and (13.240 we have 

(3.26) /i„,(5)>|/i^(i?), VBeBiX), 
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hence also 

(3.27) Q^finAB) > I Q^i^M, VB e B{X). 
On the other hand, by Fubini's theorem we obtain 

Jo J X 

= T-' [ [ P,lB(.,.)(x)/i^(dx)ds= / Q^{x,B{z,a))fii{dx) 
Jo Jx Jx 

JB{y,,r) ^ 

and consequently fl3.27l) implies that 

(3.28) QT^^^^^B{z,a))>-^. 
Hence for any B G B{X), 

Q'^finAB) " Q^finAB) + anQ^VnAB) > Q^finAB H B{z, a)) + a^Q'^VnAB) 

13:281 g^ry 

> — l^nAB) + anQ'^l^nAB), 

and fl3.25p follows. At this point observe that thanks to (13.251) measures Q'^^n,i and 
(so7/4 + a„)^^[(so7/4)/i„ j + a„Q"^z/„^j] would satisfy fl3.14p . with «[, in place of a, if we 
admited them as fi^' % ^"^^ ^a' ii respectively. Condition fl3.13p needs not however hold 
in such case. To remedy this we average Q^fin,i for long time using the operator 
corresponding to a sufficiently large R > and use Lemma [21 More precisely, since 
Vn > HQ'^'^ixi) - /in.illry (thus also ?7„ > \\Q^''^''^"{xi) - Q^''^finA\TV for any i? > 0) by 
Lemma [2] we can choose Rn > Tn such that 

(3.29) ||g^"'^'^"(a;,) - Q«"(x,)||Ty <Vn- ||Q'^"''^'^"(x.) - Q^-'V^Htv. 
Let 

(3.30) T,.,„ := Rn, /i^,,, := Q^'-Q^lin^i 
and 

(3.31) 1^1,^, + ^) Q^" [a^Q^Vn, + ^/in.) 
for i = 1, 2, n > 1. By virtue of (13.291) we immediately see that 

Furthermore, from (13.251) . positivity of Q"^" and the definition of and measures /i^, ^ 
z/", . we obtain that 



^^\^>«[,, Vn>iV,2 = l,2, 
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when N is chosen sufficiently large. To verify (13.151) note that from (13.311) it follows 
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(3.32) 



X 



+ 



^(x)g^'^"'^i/„,i(dx) - / v^(x)g^'^"'^z/„,2(dx) 



X 









[an H 




L 







X 



^(x)Q^'^>„,i(dx)ds - / ?/;(x)Q*''^"/i„,2(dx) 



4 ) 



X 



for all > 0. Denote the integrals appearing in the ffist and the second terms on the right 
hand side of (I3.32p by I{S) and 11 (S), respectively. Condition (13.151) shall follow if we 
could demonstrate that the upper limits, as 5* f cxd, of both of these terms are smaller than 
e. To estimate I{S) we use Lemma [2] and condition (I3.15p . that holds for z/„_j, i = 1,2. We 
obtain then 



limsup/(S') < limsup 

5too S'\oo 



+ lim sup 



+ lim sup 



^(x)g^'^"'^i/„,i(dx 

V'(x)Q^'^"'^i^„,2(dx 

X 



X 



iIj{x)Q'^ Un,i{dx) 

1p{x)Q^ Un,2idx 

1p(x)Q^Un,2{dx) 



X 



< e. 



On the other hand, since supp /ij^ C B{z, a), i = 1, 2 we obtain from equicontinuity condi- 
tion (I318D . 

"S fRn 



n{S) 



SRr 



JO 




[Ps,+S2i^{x) - Ps,+s2i'W))dSldS2fin,l{dx)fln,2{dx') 



X J X 



< 



Hence (I3.15P holds for v^i i 



1,2 and function ip. Summarizing, we have shown that 
u'q G a. However, we also have Oq > cto = sup A, which is clearly impossible. Therefore, 
we conclude that sup A = 1. □ 

3.3. Proof of Theorem [2], Taking into account Theorem [T] the proof of the ffist part of 
the theorem will be completed as soon as we can show that T = X . Note that condition 
(12. 8p implies that z G supp yU*. Indeed, let 5 be a bounded set such that ji^:{B) > 0. We 
can write then for any 5 > and T > 



^^.{B{z,5)) 



' X 

Fatou Icm. 
> 



g^(y,5(2,5))/i,(dy)=liminf f Q'^{y,B{z,5))iiMy) 



liminf Q'^{y, B{z, 6))fi^{dy) 
> inf liminf g^(y,5(z, (5))/i,(5) > 0. 

yGB Ttoo 

According to Proposition [1] the above implies that z & T. Now, fix an arbitrary x G A". 
Let Cs be the family of all closed sets C G X which possess a finite e-net, i.e. there exists a 
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finite set, say {xi, . . . , a;„} for wliicli C C UiLi -^(^«' '^'^ prove tliat tlie family {Q'^{x)) 
is tiglit it suffices only to show that for every e > there exists G such that 

(3.33) lim inf Q^{x, C,) > 1 - e, 

T|oo 

for more details see e.g. pp. 517-518 of [19]. In light of Lemma [2] this condition follows 
if we could prove that for given e > 0, k > 1 and ti, . . . ,tk > one can find > and 
Ce G Ce such that 

(3.34) Q'^'*^ (x,C,) >l-e, VT > T,. 

Fix an e > 0. Since 2; G T we can find 0^/2 G such that (13.331) holds with 5/2 in 
place of e and x = z. Let (7 := C'jl be the e/2 -neighborhood of 

Lemma 4. There exists a > such that 

(3.35) inf lim inf Q^i^(C') > 1 - — . 

ueMi{Biz,a)) TToo 4 

/n addition, if a is as above then for any k > 1 and ti, . . . ,tk > we can choose T^, such 
that 

(3.36) inf Q^''''-'''^u(C) > 1 - — , VT > T,. 

!/e>ii(B(^,a)) 4 

Proof. The claim made in (13.351) follows if we can show that there exists a > such that 

(3.37) limmfQ^(?/,C') > 1 - ^, WyeB{z,(r). 

To prove (I3.37p . suppose that ^ is a Lipschitz function such that — — ^c- Since 

{Ptil')t>o is equicontinuous at z we can find a > such that \Ptip{y) — Pt'il'{z)\ < e/4 for 
all y G B{z, a). Then we have 



Q^(i/,C)> / v^(yOQ^(y,dy')> / i'{yW{z,dy') 

and using (13.331) we conclude that 

(3.38) liminf Q^d/,^) > liminf Q^(z, C./s) - | > 1 - ^. 

T|oo T|oo 4 4 

Estimate (I3.36P follows directly from (I3.35P and Lemma [2l □ 

Let us go back to the proof of Theorem O Let a > be as in the above lemma 
and let 7 > denote the supremum of all sums ai + . . . + Ofc such that there exist 
i^i,...,z/fc G Mi{B{z,a)) and 

(3.39) Qt?.- (x) > aig*i'-A i/i + . . . + afcg*i'-'*-fc i/^ 

for some t?, . . . , . . . , t^, . . . , > 0. In light of LemmaSto conclude flOil) it IS enougn 
to show that 7 > 1 — e/4. Assume therefore that 

(3.40) ^ ^ 1 - i • 
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Let D be a bounded subset of X and > such that 

(3.41) Q^(a;,D)>l-^, VT > T„ 

o 

and let 

(3.42) a := inf hm inf Q^(x, Biz, a)) > 0. 

Let Q!fc > 0, t?, . . . . . . . . . > and z/i,...,i^fc G Mi{B{z,a)) be such 

that 

g*i'-'*™o(x) > aiQ*i'-'*-iz/i + . . . + akQ^'^^'-'^'^kUk 

and 

(3.43) 7 - (ai + . . . + afc) < — . 

o4 

For a given t > we let 

Thanks to Lemma [2] we can choose T, > so that \\Q*'^^'-'^'^o{x) - Q\x)\\tv < ^/IS for 
t > T^. Thus, from fl3.4ip we obtain that for such t, 

/ii(D) > Q\x,D) - ||g*'*?'-A.(x) - Q\x)\\tv - («i + . . . + «fc) 

E e eanj s 

>1 7 > — . 

8 16 ' - 16 

But this means that for t > T^,, 

Fatou 1cm. f 

liminfgVt(5(^,f^)) > / limmiQ^{y,B{z,a))iit{dy) 

T|oo J ^ T|oo 

ll3:42t 



/" rr. 113:421 

> / liin infg^(y,S(^,a))/i,(di/) > — . 
Jd ^Too 16 



Choose > such that 



(3.44) Q^\it{B{z, a)) > \/t,T>T,. 

Let z/(-) := (g^/Xi)(-|i?(2,(T)). Of course v G 7\/li(5(2, a)). From (IH^ and the definitions 
of V and yUt we obtain however that for t, T as above 



(x) > aig^'*'*i'-'*-i + . . . + a,,g^'*'*^-'*^ 



"'^^k H i^- 



32 

Hence 7 > ai + . . . + + a£:/32, which clearly contradicts (13.431) . 
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Proof of the weak law of large numbers. Recall that is the path measure corre- 
sponding to /i - the initial distribution of {Z{t))t>o. Let be the respective expectation 
and := J ipdfi^. It suffices only to show that 



(3.45) 

and 
(3.46) 



lim E, 



lim E„ 



^{Z{t))dt 

^ l^,p{z{t))dt 



di 



Equality (13.451) is an obvious consequence of weak * mean ergodicity. To show fl3.46p 
observe that the expression under the limit equals 

(3.47) A ^ ^ P^(V;Pi_.^)d/i j dtds = |j ^ {T-s)l^j^ P,(V;vi>^_,)d/iJ ds, 
where 
(3.48) 



**fx) 



i,{y)Q\x,dy) 



X 



Pttp{x)dt. 



The following lemma holds. 

Lemma 5. For any e > and a compact set K G X there exists to > 0, such that 



(3.49) 



yt > to : sup 



V'd/i* 



< e. 



Proof. It suffices to only to show equicontinuity of {'^t)t>o on any compact set K. The 
proof follows then from pointwise convergence of to ci^,, as t +oo and Arzela-Ascoli 
theorem. The equicontinuity of the above family of functions is a direct consequence of 
the e-property and a simple covering argument. □ 

Suppose now that e > 0. One can find a compact set K such that 

(3.50) Vt > : Q'^i{K^) < e. 
Then, 

(3.51) ^ - s) (^j^ Ps{^^>T-s)di^ - ^ j\T - s) (^j ^ P.^^d/i^ ds 

<i + n, 

where 

/ 

and 



Jo 



(T 



Jo 



(T-s) 



J P,(^A(^T-. - d,)lK)df?j ds 
P.i^i'^T-s - d,)lK^)dfi] ds. 



X 
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According to Lemma [5] we can find to such that (13.491) holds with the compact set K and 
^IIV'II^^- We obtain then |J| < e. Note also that 

|//| < 2||^|U(||^||oo + \d,\)Q^ ^Ji{K-) " 2£||^|U(||^||oc + 
The limit on the right hand side of fl3.46l) equals therefore 

□ 

4. Proof of Theorem [3] 

In what follows we are going to verify the assumptions of Theorem [2l First observe that 
(12. 9p follows from (ii) and Chebyshev's inequality. The e-property implies equicontinuity 
of {Pt'ip-i t > 0) at any point for any bounded, Lipschitz function ip. What remains to be 
shown therefore is condition (12. 8p . The rest of the proof is devoted to that purpose. It will 
be given in five steps. 

Step I: We show that we can find a bounded Borel set B and a positive constant r* 
such that 

(4.1) lim infQ^(x,5) > i, G /C + r*5(0, 1). 

Tfoo 2 

To prove this observe, by (ii) and Chebyshev's inequality, that for every y E JC there exists 
a bounded Borel set By such that \immfT-\ooQ^{y, By) > 3/4. Let By be a bounded, 
open set such that By D By and let ip G Cb{X) be such that > "ip > 1_bo. Since 
{Pt4')t>o is equicontinuous at y we can find ry > such that \Ptip{x) — Ptip{y)\ < 1/4 for 
all X G B{y,ry) and t >0. Therefore, we have 



1 

lim inf Q'^{x, By) > lim inf — / Psip{x)ds 

Ttoo Tjoo T Jo 

1 /"^ 1 

> lim inf — / Psip{y)ds — 



TToo T Jo 4 
>ltoinfO-(,.B;)-i>i. 

Since the attractor is compact we can find a finite covering B{yi, ry.), i = 1, . . . , N, of IC. 
The claim made in (14.11) holds therefore for B := IJ^^^ By. and r* > sufficiently small so 
that JC + r*5(0, 1) C U=i Biy,, r,J. 

Step II: Let B G X he such as in Step I. We prove that for every bounded Borel set 
D C X there exists a 7 > such that 

(4.2) lim inf g^(x,5) > 7, MxeD. 

TToo 
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From the fact that /C is a global attractor for fl2.12p . for any r > and a bounded Borel 
set D there exists L > such that Y^{L) G /C + |5(0, 1) for all x e D. By f ETT^ we have 

p{r,D) := inf P(||Z^(L) -F^'(^)IU < r/2) > 0. 
We obtain therefore that 

(4.3) PLlK+rB{o,i)ix) > p{r,D), Vx G D. 
Let r* > be the constant given in Step I. Then, 

1 

lim iiif Q^{x, B) = lim inf — / Ps^LlB{x)ds 

rtcjo T^oo i Jq 

= lim inf i rP,V5,.(i?)ds = lim infi T / P,1b WP25.(d^)d. 

(4.4) > hm inf ^ T [ PAB{z)P*Mdz)ds 

^Too I Jo JlC+r'BiO,!) 
Fubini & Fatou /" ^ 1 f 

> / liminfQ^(z,5)P£5,(dz) > - / l,c+r'B(0A)iz)Pl6Adz) 

JK.+r'B{0,l) '^Too Z Jx 

1 m p(r\D) 

= ^PLllC+r*BiO,l){x) > 7:= ^ , VxGD. 

Step III: We show here that for every bounded Borel set -D C and any radius r > 
there exists a.n w > such that 

(4.5) inf lim inf Q^{x, /C + rB{0, 1)) > w. 

x£D Ttoo 

Fix therefore D (Z X and r > 0. From Step II we know that there exist a bounded set 
B C X and a positive constant 7 > such that (14.21) holds. By fl2.13p we have, as in (14. 4p . 

lim inf Q^(x, /C + rB{0, 1)) = lim inf / / PLl!c+rBio,i){z)PMd^)ds 

Fubini /" 

> liminf / PL'iK+rB(o,i){z)Q {x,dz). 

Ttoo Jb 

Using (14. Sp we can further estimate the utmost right hand side of (14. 6 p from below by 

(4.7) p(r, D) lim miQUx,B) > p(r,D)'y. 

TToo 

We obtain therefore (14. 5 P with w = '^p{r, D). 

Step IV: Choose z G flyec Ut>o ■'^*(^) 7^ ^- goiiig to show that for every 5 > 

there exist a finite set of positive numbers S and a positive constant f satisfying 

(4.8) inf maxP,lB(^,5)(x) > 0. 
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Let tx > for X G /C be such that z G supp P^^Sx- By Feller property of {Pt)t>o we may 
find for any x G /C a positive constant such that 

(4.9) PlSy{B{z,6)) > P:MB{z,5))/2 for y G 5(x,r,). 

Since /C is compact, we may choose xi, . . . ,Xp G /C such that /C C UiLi -^«) where = 
i?(xj, Ta-J for i = 1, . . . , p. Choose f > such that /C + fi?(0, 1) C IJi=i 

Step V: Fix a bounded, Borel subset D d X , z E flj/gic Ut>o -'^*(?/) ^'^'^ 5 > 0. Let a 
positive constant f and a finite set S be such that (14 .Sp holds. Set 

(4.10) u := inf maxPsl^f^ ^^(x) > 0. 



From Step III it follows that there exists w > ^ such that (14.51) holds for r = f. 
Denote by # S* the cardinality of S. We easily check that 

(4.11) liminfVi/" P,+ABiz,s){^)ds = #S\immiQ^{x,B{z,6)), WxeD. 

T"\oo ^—^ 1 Jq Tfoo 



On the other hand, we have 



Pq+s'i-B{z,5)ix)ds = / y'PglB(^,5)(y)Q^(x,dy) 

(4-12) > / 5^P,l^(,,,)(2/)Q^(x,dy) 

JK.+fB{0,l) 

> ng^(x,/C + fP(0,l)), VxgD. 

Combining (14.50 with (14.120 we obtain 

1 /"^ 

lim inf — / P^+s'^B{z,5){x)ds > uw, Vx G £>, 
and finally, by (14. lip . 

lim inf Q^(x, 5(^,(5)) > Vx G 

T|oo 

This shows that condition (12. 8p is satisfied with a = uw/^^S. □ 

5. ERGODICITY OF THE LAGRANGIAN OBSERVATION PROCESS 

This section is a preparation for the proof of Theorem HI Given an r > we denote by 
the Sobolev space which is the completion of 

(5.1) |x G C°°(T'^;M'^): j x(Ode = 0, x(A:) G Im£(A;), VA; G Z^j 

with respect to the norm 
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where 



xik) := (27r)"'^ [ x(Oe-^«-Me, k e 



are the Fourier coefficients of x. Note that A"" C ii u > r. 
Let Ar be an operator on defined by 

(5.2) A^{k) := --f{k)x{k), k e Zi 
with the domain 

(5.3) D{Ar) := <x e X': ^ |7(A;)nA;|2'^ |x(A;)|2 < oo 



Since the operator is self-adjoint it generates a Co-semigroup {Sr(t))t>o on X^. Moreover, 
for u > r, Au is the restriction of A^. and 5'^ is the restriction of Sr- From now on, we will 
omit the subscript r, when it causes no confusion, writing A and S instead of Ar and Sr- 
Let Q be a symmetric positive-definite bounded linear operator on 



X := ■{xe L2(T^d^;M'^) 



given by 

Qx{k) ■.= -f{k)£{k)x{k), keZt 

Let m be the constant appearing in fl2.16p and let X := rY™" and V := X^~^^. Note that 
by Sobolev embedding, see e.g. Theorem 7.10, p. 155 of [11], X "-^ C^{T'^,M.'^), and hence 
there exists a constant C > such that 

(5.4) ||a:||ci(Td;Rd) < C'll^^lU, Vx G X. 

For any t > operator S{t) is bounded from any X^ to X^^^. Its respective norm can 
be easily estimated by 



\\Sit)\\L{xr,x'-+^) < sup \k\e 



Let efc(x) := e**^'^, k e Z'^. The Hilbert-Schmitd norm of the operator S{t)Q^/'^^ see 
Appendix C of [3], is given by 

m)Q"'\\\,,^,xy, := E ||5(t)g^/^e„||^ = l^f (-+S(fc)e-^-(^)*Tr^(fc). 
Taking into account assumptions fl2.16p and fl2.17p we easily obtain. 

Lemma 6. (i) For each t > the operator Q^^'^S{t) is Hilbert- Schmidt from X to V, and 
there zs /5 G (0, 1) such that 



t-'\\S{t)Q'/YL,,s^i;,,v)dt < ^. 
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[a) For any r > and t > the operator S{t) is bounded from into X^'^^ and 

POD 

/ \\S{t)\\^x-,x-+'^)dt < OO. 
Jo 

Let W = (W{t))t>o be a cylindrical Wiener process in X defined on a filtered probability 
space 21 = JF, (JF(),P). By Lemma [6] (i) and Theorem 5.9 p. 127 of [3], for any x E X, 
there is a unique, continuous in t, A'-valued process solving, in the mild sense, the 
Ornstein-Uhlenbeck equation 

(5.5) dV%t) = AV"(t)dt + Q'/^dWit), V%0) = X. 

Moreover, fl5.5p defines a Markov family on X, see Section 9.2. of ibid., and the law 
C{V{0, ■)) of V{0, ■) on X is its unique invariant measure, see Theorem 11.7 of [5]. Note 
that, since m > d/2 + 1, for any fixed t the realization of V^{t,^) is Lipschitz in the 
^-variable. If the filtered probability space 2t is sufficiently rich; that is, if there exists 
an jFo-measurable random variable with law £{V{0, ■)), then the stationary solution to 
(15. 5p can be found as a stochastic process over 2t. Its law on the space of trajectories 
C([0, oo) X T"^; R'^), coincides with the laws of {V{t, ■))t>o. 

5.1. An evolution equation describing the environment process. Since the real- 
izations of V^(t, ■) are Lipschitz in the spatial variable, equation (I2.15p . with V^{t,^) in 
place of V{t,^), has a unique solution Xa;(t), t > 0, for given initial data xq. In fact with 
no loss of generality we may and shall assume that xq = 0. In what follows we shall 
also denote by x the solution of (12.150 corresponding to the stationary right hand side V. 
Let 2(s,^) := V{s,C, + x(s)) be the Lagrangian observation of the environment process, 
or shortly the observation process. It is known, see [H] and [IB], that 2{s,-) solves the 
equations 

(5.6) dZ{t) = [AZ{t) + B{Z{t), Z{t))] dt + Q^'^dW{t), Z{0, ■) = ^(0, x(0) + ■), 
where is a certain cylindrical Wiener process on the original probability space 21 and 

(5.7) i?(V^,0)(e):= (^EV',(0)^(O,---,E^.(0)^(oj, ^,<pex,^er. 

By (15.41) . B{-,-) is a continuous bilinear form acting from X x X into X"^~^. 

For a given an .T-Q-measurable square integrable in X random variable Zq and a cylindrical 
Wiener process W in X consider the SPDE: 

(5.8) dZ{t) = [AZ{t) + B{Z{t), Z{t))] dt + Q^/'^dW{t), Z{0) = Zq. 

Taking into account Lemma El^ii), the local existence and uniqueness of a mild solution 
follow by a standard Banach fixed point argument. For a different type of argument based 
on Euler approximation scheme see also Section 4.2 of 0. The global existence follows as 
well, see the proof of the moment estimates in Section 15.1.21 below. 

Given x G A" let Z^{t) denote the value at t > of a solution to (15. 8p satisfying 
Z^{0,C,) = ^ G T*^. Since the existence of a solution follows from the Banach fixed 
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point argument, Z = {Z^, x ^ X) is a stochastically continuous Markov family and its 
transition semigroup {Pt)t>o is Feller, for details see e.g. [5] or Note that 

P^x) ■.= EtP{V^{t,^,{t) + -)). 

The following result on ergodicity for the observation process, besides of its independent 
interest, will be crucial for the proof of Theorem HI 

Theorem 5. Under assumptions i\2.16^ and [2.11] the transition semigroup {Pt)t>o for 
the family Z = {Z^, x & X) is mean* weak ergodic. 

To prove the theorem above we verify the hypotheses of Theorem [3l 

5.1.1. Existence of a global attractor. Note that Y^{t) = is the global attractor for the 
semi-dynamical system Y = {Y^, x & X) defined by the deterministic problem 

dY'-^ (t) 

(5.9) ^^-^ = AY'^it) + BiY'^it), F"(t)), F"(0) = x. 

dt 

Clearly, this guarantees the uniqueness of an invariant measure for the corresponding 
semi-dynamical system, see Definition 12.41 Our claim follows from the exponential stability 
of namely: 

(5.10) VxeA', t>0, \\Y''{t)\\x <e-^'*'\\x\\x, 
where 

(5.11) 7, = inf 7(A;) 

is strictly positive by (12.171) . Indeed, differentiating ||^^(t)|||' over t we obtain 



\Y%t) \\l = 2{AY%t), Y%t));, + 2 J2 y^'it, 0) ( — Ai, Y%t) 



d 

The last term on the right hand side vanishes, while the first one can be estimated from 
above by — 27=i.||y^(t)||^. Combining these observations with Gronwall's inequality we 
obtain fl530|) . 

5.1.2. Moment estimates. Let 5(0, R) be the ball in X with center at and radius R. We 
will show that for any R > and any integer n > 1, 

(5.12) sup supE||Z^(t)|||? < oo. 

xeB{0,R) t>0 

Recall that is the solution to (15. 5p satisfying V^{0) = x. Let = (x^(t), t > 0) solve 
the problem 

(5.13) ^it)=V%t,x^{t)), x,(0) = 0. 

dt 

We obtain then 



(5.14) \\Z%t)\\l= [ \V^V'\t,^,it)+Ofd^=\\V%t)\ 
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Since is Gaussian there is a constant Ci > such that 

E||V^"(t)||^" < Ci (E||V"(^)II^)"- 
Hence there is a constant C2 > such that for 11x11;^ < R, 

E \\V^{tm < (1 + i?^") \\S{t - s)Q'/YL,,sAx,x)ds^ 

(POO \ n 

Note that there is a constant C3 such that 

\\S{s)Q'/YL,„s,i;,,X)ds<Cs\\\S\\\'<oo, 
where appears in f l2.16p and f l5.12p indeed follows. 

5.1.3. Stochastic stability. We wish to show the following estimate: 

(5.15) Ve, i?, T>0, inf F {\\Z''{T) - Y''{T)\\x < e) > 0. 

\\x\\x<R 

Write R'^it) := Z^'(^) - Y'^it). Let also M = {M{t))t>o be the stochastic convolution 
process 

(5.16) M{t):= [ S{t- s)Q^/MW{s), t>0. 

Jo 

It is a centered, Gaussian, random element in the Banach space C{[0,T], X) whose norm 
we denote by || ■ ||oo- From (15.141) . we have 

\\Z%t)\\p, < + ||M(t)|U < i?+ ||M(t)|U 

and hence 

(5.17) ||^1|oo<i?+||M||oo. 
From the mild formulations for (15.81) and (15. 9p . we obtain 

R-{t) = S{t - to)R%to) + r S{t - s) [B{R%s), Z%s)) + B{Y%s), i?"(s))] ds 

J to 

+ M{t)~S{t-to)M{to), 

for all t > t > 0. Thus, by the fact that ||5'(s)||2,(a',a') ^ 1? and that S is a continuous 
bilinear form acting from X x X ^ X"^~^ there is a constant C < 00 such that for all 
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t>i>0, 

\\R%t)y<\\R^m;^ + cl\\S{t-s)U^^^-.,;,)\\^^ 
+ ||M(t)|U + ||M(to)|U 

<C(||Z--|U+ Halloo) ^ \\Sit-s)\\L^^„.-r^;,^\\R%s)\Uds 

+ ||i?^(t)|U + 2||M|U 

<C(||Z^|U+nioo) sup \\R%s)y [ ||5(s)|U(;,,n-i,;,)ds 

se[i,t] Jo 
+ ||i?^(t)|U + 2||M|U. 
Taking into account (I5.17p . we have therefore 

||i?"(t)IU<C(i?+||M|U + ||rn|oo) sup r V(5)IU(;t'"~i,;t)ds 

sg[f,t] Jo 

+ ||i?^(t)|U + 2||M||oo. 

Let 

iV(n)=inf|/GN: ^ ^ ||5(s)|U(;^™-i,^)ds < [2C (i? + n + ||Fn|oor'| . 
Note that A^: [0, oo) — > N is continuous, and if 

then 

sup <4||M|U + 2||i?^(t,)|U, ^>0, 

and, taking into account that R^{0) = 0, 

sup \\R^{t)\\x<M\M\U 

telo,ti] 

Therefore 

N{\\M\\oo)-l 

(5.18) ||^"(2^)IU < 4 ||M|U Yl 2^' ^ 4 ||M|U2^(ll"''ll-\ 
Now let (5 > be chosen so that 52^('^+2) 

< £. The fact that M is a centered, Gaussian, 
random element in the Banach space C{[0,T], X) implies that its topological support is a 
closed linear subspace, see e.g. [31], Theorem 1, p. 61. Thus, in particular belongs to 
the support of its law and 

(5.19) V5>0: g := P(||M||oo < 5) > 0. 
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Using (15.181) and fl5.19p we conclude therefore 

F{\\R%T)y < e) > q, VxG5(0,i?), 

and flS.lSp follows. 

5.1.4. E-property of the transition semigroup. It suffices only to show that {Pt'ip)t>o is 
equicontinuous at any x ^ X ioi ^ Cl{X). Indeed, using orthogonal projections and 
finite dimensional approximation one can deduce this property for any ip G Lip (A*), see 
e.g. [21] • Let Dip denote the Frechet derivative of ip. It is sufficient to prove that for any 
such ip and R> 0, 

(5.20) sup sup \\ D Ptip (x) \\ X < oo. 

To this end we adopt the method from [13]. First note that DPtip{x)[v], the value of 
DPttp{x) atv eX, is equal to E {Dip{Z''{t))[U{t)]} where U{t) := az^(t)['y] and 

dZ''{t)[v] := lim ^ (Z^+"^(t) - Z^(t)) , 



the limit is in L^(f2, JF, P; X). The process U = {U{t), t> O)^^^ satisfies the linear evolution 



'2( 

IS Hi ± 

equation 

dUit) 

(5.21) dt 

f/(0) = V. 



AU{t) + B{Z%t), U{t)) + B{U{t), Z%t)), 



Suppose that if is a certain Hilbert space and $: A" — i/ a Borel measurable function. 
Given an (jFj)(>o-adapted process g: [0, +cxd) Vt ^ X satisfying E ||(jfs||^ds < oo for 
each t > we denote by X'g$(Z^(t)) the Malliavin derivative of $(Z^(t)) in the direction 
of g\ that is the L^(f2, JF, P; ii')-limit, if exists, of 

V,^{Z^{t)) := hml [HZ^git)) - HZ^it))] , 

where Zg{t), t > solves the equation 

dZ^^it) = [AZ^git) + B{Z^^{t), Z^git))] dt + Q'" {dW{t) + gtdt) , Z^^(O) = x. 

In particular, one can easily show that when H = X and $ = J, where I is the identity 
operator, the Malliavin derivative of Z^(t) exists and the process D{t) := VgZ^{t), t > 0, 
solves the linear equation 

^(t) = AD{t) + B{Z%t), D{t)) + B{D{t), Z^{t)) + Q'l'g{t), 
dt 

(5.22) 

D(0) = 0. 
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The following two facts about the Malliavin derivative shall be crucial for us in the sequel. 
Directly from the definition of the Malliavin derivative we conclude the chain rule: suppose 
that $ e Cl{X;H) then 



(5.23) 



V.^Z^t)) = D^Z%t))[D{t)]. 



In addition, the integration by parts formula holds, see Lemma 1.2.1, p. 25 of j23j. Suppose 
that $ G CliX) then 



(5.24) 



E[Vg<^{Z%t))] = E 



^Z^{t)) I {g{s),Q'/'dW{s));, 





We also have the following. 



Proposition 2. For any given v,x G X: \\v\\x < 1, lla^ll^' ^ R one can find an {J^t}- 
adapted X -valued process gt = gt{v,x) that satisfies 



(5.25) 



POO 

sup sup / E\\Q^^'^gs\\j^ds < oo, 

M\x<l \\x\\x<R Jo 



(5.26) 



sup sup supE\\DZ%t)[v] - VgZ%t)\\x < oo. 

\\v\\x<l \\x\\x<R *>0 



We prove this proposition shortly. First, however let us demonstrate now how to use it 
to finish the argument for the e-property. Let uJt{x) := VgZ^{t) and pt{v, x) := DZ^{t)[v] — 
VgZ^'it). Then, 

DPti;{x)[v] = E{Dtlj{Z%t))[ut{x)]} + E {Di^{Z%t))[pt{v,x)]} 

= E {Vg^iz^m +^ {mz''mpt{v,x)]} 



15:241 



E<|^(Z«(t)) {gis),Q'/'dW{s))^ \ +E {D^PiZ^mPtiv^x)]} . 



We have 



E i^i;{Z%t)) l\gis),Q'/'dWis)) 



X 



< 



E I \\Q'/'gis)\\lds 





1/2 



and 



|E {Dij{Z%t))[pt{v,x)]}\ < \mci^;,)E\\pt{v,x)\\^. 

Hence, by (15.251) and (I5.26p . we conclude the desired estimate (15.201) . Therefore the e- 
process property will be shown if we could prove Proposition [2l 

5.1.5. Proof of Proposition\^ Let us denote by I\.>n the orthogonal projection onto span 
{^e'*^^: \k\ >N,ze Im^(A;)} and let U^n := I -~U>n = ^>n- Write 



:— n>7v^, Qn '■— n>Ar(5, Ajf :— n<ArA, Qjv ■— ^<nQ- 
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Given an integer A^, let ('^{v,x){t) be the solution of the problem 



dt 

C^(0) = V. 
We adopt the convention that 

(5.28) n<^c'^||n<^C'^||^i := if n<^c'^ = o. 

Let 

(5.29) g := Q~'/'f, 
where 

fit) := A^r(t;,x)(t) + n<;v [BiZ%t)X''{v,xm) + B{C{v,xm,Z%t))] 

(5.30) 1 

and will be specified later. Note that / takes values in a finite dimensional spaces, where 
Q is invertible by the definition of the space X. Recall pt{v,x) := DZ^{t)[v] — VgZ^{t). 
We have divided the proof into a sequence of lemmas. 

Lemma 7. We have 

(5.31) pt{v,x) = C{v,x){t), Vt>0. 
Proof. Adding f{t) to both sides of fl5.27p we obtain 

^^!l^{t) + f{t) = AC{v,xm+B{z-{t)x''{v,xm) 

(5-32) +B{Civ,x){t),Z'%t)), 

C{v,xm = v. 

Recall that DZ^{t)[v] and VgZ^it) obey equations (15.211) and (15.221) . respectively. Hence 
pt '■= Pt{v,x) satisfies 

^ = M + BiZ%t),p,) + B{p,, Z^{t)) - Q'/'git), 
Po = V. 

Since, f{t) = Q^^'^gt we conclude that pt and (^{v,x){t) solve the same linear evolution 
equation with the same initial value. Thus the assertion of the lemma follows. □ 

Lemma 8. For each N > 1 we have n<jvC^(^') = /^'^ t > 2. 
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Proof. Applying n^jv to both sides of fl5.27p we obtain 

Multiplyingbothsidesof ([E33D byn<^C^(w,x)(t) we obtain that 2 (t) := ||n<jvC^(w, 
satisfies 

A 2^ 1 

(5.34) -it) = --v^. 

Since \\v\\x < 1, -^(0) G (0, 1] and the desired conclusion holds from elementary properties 
of the solution of ordinary differential equation (15.341) . □ 

Lemma 9. For any R> the following hold: 

(i) For any N, 

(5.35) sup sup snp KWC^ {v, x){t)\\% < oo. 

lblU<i \Mx<Rte[o,2] 

(ii) There exists an Nq such that for any N > Nq, 

poo 

(5.36) sup sup / (E||C^(f,a;)(t)||^)^^^dt < oo 

lklU<i \\x\\x<rJo 

and 

(5.37) sup sup supE||C^(w,x)(t)||^ < oo. 

||d||a-<1 ||a;||A-<R *>0 

Since the proof of the lemma is quite lengthy and technical we postpone its presentation 
till the next section. We can now finish however the proof of Proposition [2j 

First of all assume that / is given by (15.301) with an arbitrary N > Nq, where Nq appears 
in the formulation of Lemma O By Lemma [71 pt{v,x) = (^{v,x){t). Of course (I5.37P 
implies (I5.26p . We show fl5.25p . As a consequence of Lemma[H]we have IlNC'^{v,x){t) = 
for t > 2. The definition of the form B{-,-), see (15.71) . and the fact that the partial 
derivatives commute with the projection operator n<7v together imply that 

U^^B{Z%t),C{v,x)it)) = B{Z%t),U^^C{v,x)it)). 

As a consequence of Lemma [H] and convention (I5.28P we conclude from (15.301) that 

fit) = U^NBiCiv,x){t),Z^{t)) = i?(C^(^;,x)(t),n<^Z^(t)), Vt > 2. 

By (15^ . for t > 2, one has 

II /(t) iU < c II c>, x) (t) lu II n<^ z-(t) 

<CAr||C^(t;,x)(t)|U||n<A.Z^(t)|U 

<Civ||c>,x)(t)|U||z^(t)IU. 
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Consequently 

/•OO /"OO 

E / Wgt{v,x)\\l<lt = ¥. / ||/(t)||^dt 

J2 J2 

POO 

<C'N'snp{E\\Z^{t)\\%Y^' / (E||C^(^;,x)(t)||^)'/'dt. 

t>2 J2 

Hence, by (15.121) and fl5.36p . we obtain 

POO 

sup E / \\Q^/^gt{v,x)\\ldt<oo. 
Clearly, by Lemma [9](i) , and (15. 121) . 

sup E f \\Q^'^gt{v,x)\\ldt<^, 
\\A\x<R,M\x<'^ Jo 

and the proof of (15.251) is completed. 

5.1.6. Proof of Lemma\^ Recall that, for any r, A is a self-adjoint operator when consid- 
ered on the space A*^, and that 

(5.38) < -^IIV'II^^, ^ e D{A), 

where 7* > was defined in (15.111) . Recall that is the solution to the Ornstein- 
Uhlenbeck equation (15.51) starting from x and that x^. is the respective solution to (15.131) . 
The laws of the processes {Z^{t))^^Q and {V^it, ■ + ^xif)))t>(d ^'^^ the same. Thanks to this 
and the fact that ||V^'^(t, ■ -|-Xa-(t))||;f = 11^^(^)11^' we obtain that for each > 1 and r > 0, 

(5.39) c ((||n>^v^-(t)|UO*>o) = ^ ((l|n>^z^-(^)IU')*>o) , 

where, as we recall, C stands for the law of the respective process. 

In order to show the first part of the lemma note that from (I5.27p . upon scalar multi- 
plication (in X) of both sides by C^(^') ^)(^) ^-^d use of (15.381) . 

^^IIC"^(^,^)WII^<-7*||C>,x)(t)||^ 

+ |C>,a;)(t,0)|||Z^(t)||v||C"'(^;,a;)(t)|U + ^||C^(^,a;)(t)|U. 

Here, as we recall, V = Taking into account ( 15. 4p and the rough estimate a/2 < 

1 + a^, we obtain 

l^^\\C{v,xm\\i < (1-7*) \\C{v,xm\\i + c\\c{v,x)mi wz^m^ + 1. 
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Using Gronwall's inequality and fl5.39p we obtain 

||C>,a:)(t)|||,< (||t;||^ + t)exp|2(l-7.)t + 2c£||Z^(.)||vd. 

< (l + t)exp|2(l-7,)t + C^ \\V'%s)\\vds 



< (l + t)exp|2(l-7,)t + C J {\\Sis)x\\v+\\M{s)\\v)ds 
where M = is given by (15.161) . By Lemma [6](ii), 

POO 

sup / ||S'(s)x||vds < oo. 

l|a;||A'<l Jo 

Thus the proof of the first part of the lemma will be completed as soon as we can show 
that 

(5.40) E exp ||M(s)||vds| < cx). 

By Lemma [6], M is a Gaussian element in C([0,2],V). Therefore (15.401) is a direct conse- 
quence of the Fernique theorem (see e.g. [3]). 

To prove the second part of the lemma observe first that for any > 1, 

(n>^i?(z-(t), Civ, x)(t)), Civ, x)it))^ 

= {BiZ^t), Uy^Civ, X)it)), Uy^Civ, X)it))x 

= 0. 

Multiplying both sides of (15.271) by (^^(f,x)(t) and remembering that n<ArC^(t>, x)(t) = 
for t > 2 we obtain that for those times 

~\\C{v,x)it)\\l <-7.||C>,x)(t)||UlC>,x)(t,o)|||n>^.z^(t)||v|ir(^,x)(t)|U 

< -7* \\C{v, xm \\l + C||n>;v^^(t) WvWCiv, x)it) \\l 
<-7*||C>,a:)(t)||^ + C(||n>^5(t)x||^+||n>^Z°(t)||v) \\Civ,x)it)\\l. 

Define 

hiz) = f z > 0. 

Vl + 7* \zr 



Note that there is a constant C such that 



Therefore 



C\\U>^Z'it)\W\\Civ,xm\\%<^\\Civ,x)it)\\l 
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Using Gronwall's inequality we obtain for t > 2, 



\\C{v,x)m 



< \\C{v, x)(2)||^exp |-7*(t -2) + L\\x\\l + ^ j\ (||n>;v^°(.) ||v) dsj . 

where L := 2C \\S(t)\\i(^x^v)(i't- We have therefore, by virtue of the Cauchy-Schwarz 
inequahty, 



Eiic>,x)(t)r 



X 

t 



< E WCiv, x){2)\\%E exp |-27,(t - 2) + 2L + C h {\\U>^Z\s)h) ds 

^ E ||C^(^, x)i2)\\%E exp |-27,(t - 2) + 2L \\x\\l + C j\ (||n>;vM(s)||v) ds 

where M is given by fl5.16p . Write 

^u{t) ■.= exp!^C /i(||n>^M(s)||v)ds|. 

The proof of part (ii) of the lemma will be completed as soon as we can show that there is 
an Nq such that for all N > Nq, 

sup e-^^*(*-2)E ^N{t) < oo and / e"=^^** (E ^jv(t))^^^ dt < oo. 

To do this it is enough to show that 

(5.41) Vk > 0, 3iV(ft) > 1: sup e"'^* E < cx), WN>N{k). 

To do this note that for any A'^i > A^, M^^nA^) '■= ^<Ni^>NM{t) is a strong solution to 
the equation 

dM^Mt) = ANMNMt)dt + Il<M'n>NQ'^^dW{t). 
Therefore we can use the Ito formula to Mat jy^ (t) and function 

H{x) = {l + \\i-A^)-'/\\\lY^\ 

As a result we obtain 

= 1 - r \\m^,nM\\i (1 + \\{-Aj,r'/'M^Ms)\\iy'^' ds 



i £ ||i7"((-AAr)"l/2M^,^,(s))n<;V,n>;vQ'/1i,,„(;,,V)ds 

+ / {l + \\{-AN)-'/^MN,N,{s)\\iy'^'{{-AN)-'M^,^,{s),U^^ 
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Taking into account spectral gap property of A we obtain 
Therefore 

C / /i(||M^,^,(s)||v)ds <C + M N,Ni{t) + 'R'N,Ni{t), 
Jo 

where 

Jo 

\l + ||(-A^)-i/2M;v,7v.(s)||?;)-1g'/'(-A7v)-'M;v,7v,(s)||^ds 
and 

T^MMt) = y / ll^"((-^7v)-'/'M^,;v.(s))n<^,n>^,gi/li^^^,(;,,v)ds 

+ ? /V + ||(-AAr)-l/^M;v,7V.(3)||^)'1g'/'(-A;v)-'M;V,7V.(3)||^d.. 

^ Jo 

Since 

= (1 + (-A^)-^ 
there is a constant Ci such that for all A^, A^^i, and t, 

for all A^i > N. Let n > 0. We can choose sufficiently large Nq so that for N > Nq, 

Since (exp{7VlArQ 7Vi(^)}) is a martingale we have shown therefore that for > Nq, 

exp{/i(||M^,;vi(s)||v)ds} <exp|c' + Kt}. 
Letting A^i — > cx) we obtain (15.411) . 
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6. Proof of Theorem [H 

With no loss of generality we shall assume that the initial position of the tracer xq 
By definition 

x(t) = / V{s,^{s))ds= [ Z(s,0)ds, 



where Z(t,x) = x(t) + x) is the observation process. Recall that Z(t) is a stationary 
solution to (15.61) . Obviously uniqueness and the law of a stationary solution do not depend 
on the particular choice of the Wiener process. Therefore 

=£0£z(s,O)ds^ and c(^^{t)^=c(^Z{t,0) 

where as before C{X) stands for the law of a random element X, and Z is by Theorem El 
a unique (in law) stationary solution of the equation 

dZ{t) = \AZ{t) + B{Z{t), Z{t))\ dt + Q^/MW{t). 

Let F: X ^ Whe given by F{x) = x{0). The proof of the first part of the theorem will 
be completed as soon as we can show that the limit (in probability) 



P-lim- [ Z{s,0)ds 

tToo t Jq 



exists and is equal to F{x)fit,{dx), where /i* is the unique invariant measure for the 
Markov family Z defined by (15. 8p . Since the semigroup {Pt)t>o satisfies the e-property 
and is weak* mean ergodic, part 2) of Theorem [2] implies that for any bounded Lipschitz 
continuous function ip, 

ft 



P-lim- f '^{Z{s))ds= f ilj{x)fi4dx). 

ttoo t Jq J X 



Since X is embedded into the space of bounded continuous functions, F is Lipschitz. Then 
the theorem follows by an easy truncation argument. 
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